Abstract. In this paper, we show that the theory of tame fields of equal characteristic admits (relative) quantifier elimination in an appropriate language.
and the natural quotient map as
To extend the map to all of K, we introduce a new symbol "∞" (as we do with value groups) and define rv K (0) = ∞. Though RV K is defined merely as a group, it inherits much more structure from K.
To start with, since the valuation v on K is given by the exact sequence
. RV K also inherits an image of addition from K via the relation ⊕(x (1) rv , . . . , x (n) rv , z rv ) = ∃z, x (1) , . . . , x (n) ∈ K z rv = rv K (z) ∧ x
(1)
For more details on RV K , see [7, Section 9] and [1] . We construe RV K as a structure in the language L rv := {·, −1 , ⊕, 1, v rv }, the residue field Kv as a structure in the language of rings L r := {+, −, ·, 0, 1}, and the value group vK as a structure in the language of ordered abelian groups L OG := {+, −, 0, <}. We then have the following important result, see [ This proposition essentially tells us that every formula φ ∈ L r can be encoded by a formula φ rv ∈ L rv , such that for all a 1 , . . . , a n ∈ Kv, we have Kv |= φ(a 1 , . . . , a n ) if and only if RV K |= φ rv (ι(a 1 ), . . . , ι(a n )). And similarly every formula ϕ ∈ L OG can be encoded by a formula ϕ rv ∈ L rv such that for all γ 1 , . . . , γ n ∈ vK and all a 1 , . . . , a n ∈ RV K with v rv (a i ) = γ i for 1 ≤ i ≤ n, we have vK |= ϕ(γ 1 , . . . , γ n ) if and only if RV K |= ϕ rv (a 1 , . . . , a n ).
We construe a valued field K as a structure in the language of fields together with a divisibility predicate L vf := {+, −, ·, −1 , 0, 1, D v }, where the divisibility predicate D v is defined as D v (x, y) if and only if v(x) ≤ v(y). The valuation ring O K and the maximal ideal m K can be defined in this language as O K = {x ∈ K | D v (1, x)} and m K = {x ∈ K | D v (1, x) ∧ ¬D v (x, 1)}. Because of this observation and because of the way we defined RV K , it can be shown that RV K is interpretable in K. In other words, every formula ψ rv ∈ L rv can be encoded by a formula ψ vf ∈ L vf , such that for all r 1 , . . . , r n ∈ RV K and all a 1 , . . . , a n ∈ K with rv K (a i ) = r i for 1 ≤ i ≤ n, we have K |= ψ vf (a 1 , . . . , a n ) if and only if RV K |= ψ rv (r 1 , . . . , r n ).
An algebraic extension (L, v)|(K, v) of henselian fields is called tame if for every finite subextension (K , v)|(K, v), the following holds:
(T1) the residue field extension K v|Kv is separable, (T2) if p = char(Kv) > 0, then the ramification index (vK : vK) is prime to p, (T3) the extension is defectless, i.e.,
A henselian field is called a defectless field if each of its finite extensions is defectless. An arbitrary valued field is called a defectless field if its henselizations are defectless fields. A valued field is called a tame field if it is henselian and every algebraic extension is a tame extension. A tame field (K, v) is characterized as being a henselian defectless field with a perfect residue field and a p-divisible value group (p = char(Kv) > 0 or p = 1 otherwise) [6, Lemma 3.10] . A tame field is also perfect [6, Lemma 3.6] . Note that the properties of being a defectless field or a tame field are first-order [6, Sections 4 and 7] . Examples of tame fields (and hence, defectless fields) include algebraically closed valued fields, henselian fields with residue characteristic 0, and algebraically maximal Kaplansky fields. See [2] for details on tame fields.
A general not necessarily algebraic extension (L, v)|(K, v) will be called pretame if the following holds:
(P1) the residue field extension Lv|Kv is separable, (P2) if p = char(Kv) > 0, then the order of every torsion element of vL/vK is prime to p. Note that every extension of a tame field is pre-tame, and that every algebraic pre-tame extension of a henselian defectless field is tame.
An We end this section by mentioning two important properties that the elementary class T of tame fields has. For details, see [2] . (IME) "Immediate extensions are equivalent" : if K, L, F ∈ T and L and F are immediate extensions of K, then L ≡ K F. (RAC) "Relative algebraic closures" : if L ∈ T, the quotient vL/vK is a torsion group and the extension Lv|Kv is algebraic, then the relative algebraic closure L of K in L is an element of T, and L|L is immediate.
Embedding Lemma
Our main goal in this section is to show that embeddings at the level of RVs can be extended to embeddings of tame fields under suitable conditions. Before we make this more precise, let us first recall from [3] the structure of a finite tame extension L|K of henselian fields.
Suppose L|K is a finite tame extension of henselian fields. Then the residue field extension Lv|Kv is finite and separable, hence simple. Letc be a generator of it. We choose a monic polynomial f (x) ∈ O K [x] whose reduction modulo v is the irreducible polynomial ofc over Kv. Since the latter is separable, we may use Hensel's Lemma to find a root c ∈ L of f (x) with residuec. From general valuation theory, it follows that the extension K(c)|K is of the same degree as Kv(c)|Kv and that K(c)v = Kv(c) = Lv.
Similarly, since L|K is a finite extension, the group vL/vK is a finite torsion group, say
(we set r = 0 if vL = vK). For any α ∈ vL \ vK, take n ∈ N to be the order of α + vK, and a ∈ L such that v(a) = α. Then v(a n ) = nα ∈ vK, and thus there is
By minimality of n and condition (T2) for tame extensions, n is prime to p if char(Kv) = p > 0. Hence, by Hensel's Lemma, we can find a 0 ∈ L such that a
Using this procedure for 1 ≤ i ≤ r, we choose elements
Moreover, if K ⊂ F and z, t 1 , . . . , t r ∈ F are such that f (z) = 0 and
induces an embedding of L in F over K. Since K is henselian, this is valuation preserving, i.e., an embedding of L in F over K. Using this "normal form" for finite tame extensions, we prove the main embedding lemma for tame algebraic extensions: Lemma 3.1. Let K be an arbitrary valued field, L a tame algebraic extension of some henselization of K, and F an arbitrary henselian extension of
Proof. Since RV K can be interpreted in K, the proof of the first statement is obvious.
For the second part, let τ be an embedding of RV L in RV F over RV K . Since both L and F are assumed to be henselian, they both contain henselizations of K. By the uniqueness property of henselizations, these are isomorphic over K and we may identify them. This henselization has the same RV structure as K: for every a in a henselization of K there is some a ∈ K such that v(a − a ) > va. But then by [7, Lemma 9 .1], rv K (a) = rv K (a ), i.e., they have the same images under rv K . Hence, it suffices to prove our lemma under the additional hypothesis that K is henselian.
As in [3, Lemma 3.1], it further suffices to prove our lemma only in the case of L|K a finite extension of henselian fields. By the remark preceding our lemma, it suffices to find an image in F for the tuple (c, d 1 , . . . , d r ) in order to obtain an embedding of L in F over K. Recall that this tuple satisfies f (c) = 0 and
f (x) = 0 and
Sincef is irreducible and separable over Kv, the zero x is simple and thus, by Hensel's Lemma, gives rise to a zero z ∈ F of f with residue x. Now, for each 1 ≤ i ≤ r, pick e i ∈ F such that rv F (e i ) = y i . Sinceh i (x) = 0, we have
reduces modulo v to the polynomial X ni − 1 which admits 1 as a simple root since n i is not divisible by the characteristic of Kv. By virtue of Hensel's Lemma, P (X) admits a root e i in the henselian field F. Putting t i := e i e i ∈ F , we obtain
It remains to show that this embedding is a lifting of τ . This will follow if we are able to show that the assignment (c, 
× . This concludes our proof.
Let us now deal with non-algebraic extensions, and first handle the case where K is a defectless field, F is a henselian extension field of K and L|K a pre-tame extension which admits a valuation transcendence basis T , i.e., T is a transcendence basis of L|K of the form T = {x i , y j | i ∈ I, j ∈ J} such that : (1) (a) the values vx i , i ∈ I, form a maximal system of values in vL which are rationally independent over vK, and (b) the residuesȳ j , j ∈ J, form a transcendence basis of Lv|Kv.
Now an embedding τ of RV L in RV F over RV K induces an embedding ρ of Lv in F v over Kv, and an embedding σ of vL in vF over vK. Choose a set T = {x i , y j | i ∈ I, j ∈ J} ⊂ F such that vx i = σ(vx i ) andȳ j = ρ(ȳ j ). Then T is a valuation transcendence basis of the subextension (K(T ), v)|K of F|K. As shown in the proof of Lemma 5.6 (Embedding Lemma I) of [6] , the assignment x i → x i , i ∈ I, y j → y j , j ∈ J, induces a valuation preserving isomorphism from (K(T ), v) onto (K(T ), v) over K which induces the embedding σ on the value groups and the embedding τ on the residue fields. As in the proof of Lemma 3.1, we wish to show that it determines a unique isomorphism of the residue-valuation structures of K(T ) and K(T ). By Lemma 2.2 of [6] , the residuesȳ j , j ∈ J, generate K(T )v over Kv. Therefore, it remains to show that the elementsx i = rv
× . Again by the cited lemma, the values vx i , i ∈ I, generate vK(T ) over vK. Hence for every element a ∈ K(T ), there exist i 1 , . . . , i r ∈ I, integers m 1 , . . . , m r , an element d ∈ K and an element g ∈ K(T ) of value 0 such that the value of a −1 x m1 i1 · · · x mr ir d g is 0 and its residue is 1. Hence,
× . Similarly, one shows that RV (K(T ),v) is generated by the elementsx i = rv (K(T ),v) (x i ) over RV K and the image of K(T )v, which in turn is generated by the residuesȳ j . Thus, the above isomorphism between K(T ) and K(T ) is a lifting of the isomorphism of their respective residue-valuation structures, which in turn is a restriction of τ . Therefore, by identifying K(T ) and K(T ) as a common valued subfield of L and F, and applying Lemma 3.1, we get: Lemma 3.2. Let K be a common subfield of the henselian fields L and F. Assume that L admits a valuation transcendence basis T such that L itself is a tame extension of some henselization (K(T ), v)
h . Then, for every embedding τ of RV L in RV F over RV K , there is an embedding of L in F over K which induces τ .
Let us now look at the case of a general pre-tame extension L|K which admits a valuation transcendence basis T . In this case, we need a certain degree of saturation of F to be able to lift an embedding τ of RV L in RV F over RV K to an embedding of L in F over K. Let F be |L| + -saturated. Then, to be able to embed L in F over K, it is enough to embed every finitely generated subextension K |K of L|K; and to derive that the so-obtained embedding of L in F is a lifting of the embedding of the respective RV-structures, one has to expand the language to incorporate the embeddings and use saturation on the expanded language, see [6, Lemma 5.7] . Now every finitely generated subextension K |K is contained in a finitely generated pre-tame subextension L 0 |K which admits a finite subset T 0 ⊂ T as its valuation transcendence basis. Thus, L 0 is a finite extension of (K(T 0 ), v). By general valuation theory, it follows that vL 0 /vK(T 0 ) and L 0 v|K(T 0 )v are finite. Further, vL 0 /vK and L 0 v|Kv are finitely generated by [6, Corollary 2.3] . Since L 0 |K is pre-tame, it follows that vL 0 = Γ⊕Z·γ 1 ⊕· · ·⊕Z·γ r for some γ 1 , . . . , γ r ∈ vL 0 (where r = dim Q Q ⊗ vL 0 /vK), with Γ/vK finite and torsion prime to p (= char Kv). Thus, we may choose elements x i as part of a new transcendence basis T 1 such that vx i = γ i , 1 ≤ i ≤ r, and p does not divide (vL 0 : vK(T 1 )). Since L 0 v|Kv is separable by assumption, we may choose elements y j to form T 1 such that their residues y j v form a separating transcendence basis of L 0 v|Kv. Since K is assumed to be a defectless field, the same is true for (K(T 1 ), v) by virtue of [2, Theorem 3.1]. This shows that for (K (T 1 ), v) h , the henselization inside of
h is tame. The lifting of an embedding of RV-structures to an embedding of L h 0 (and hence of K ) in F over K now follows by Lemma 3.2. Finally, we have to deal with the case where L|K does not admit a valuation transcendence basis. Take T as in (1) and form the subfield L := (K(T ), v) of L. By definition of T , the quotient vL/vL is a torsion group and Lv|L v is algebraic. Let L be the relative algebraic closure of L in L. Then L |K admits a valuation transcendence basis and L|L is an immediate extension. If L is a member of some elementary class K which has the (RAC) property, then L ∈ K. We have thus proved the following: Lemma 3.3. Let K be a common defectless subfield of the henselian fields L and F such that L|K is a pre-tame extension. Assume that L is a member of an elementary class K of valued fields which has the (RAC) property. Then there exists a subfield L ∈ K of L which admits a valuation transcendence basis and such that L|L is immediate. Moreover, if F is an |L| + -saturated extension of K, then for every embedding τ of RV L in RV F over RV K , there is an embedding of L in F over K which induces τ .
Coming back to model theory, since RV K can be interpreted in K, one derives the following Lemma 3.4. If K * is an elementary extension of K and a special model of cardinality κ > card K, then RV K * is an elementary extension of RV K which is also a special model of cardinality κ.
By virtue of this lemma and a standard back and forth argument, Lemma 3.3 yields Lemma 3.5. Let K be an elementary class of henselian fields which has the (RAC) property, and let K be a common defectless subfield of L, F ∈ K such that L|K and F|K are pre-tame extensions. If RV L ≡ RV K RV F , then there exist elementary extensions L * and F * of L and F which contain relatively algebraically closed subfields L and F respectively such that
As a result, we obtain the following: Theorem 3.6. Let K be an elementary class of henselian fields which has the properties (IME) and (RAC). Further, let K be a common defectless subfield of L, F ∈ K such that L|K and F|K are pre-tame extensions.
Since the elementary class T of tame fields enjoys the properties (IME) and (RAC), we get the following as an immediate corollary to this theorem. Corollary 3.7. Assume that L and F are tame fields and that K is a common valued subfield of L and F. If any henselization of K is a tame field, then
Quantifier Elimination relative to RV
Our goal in this section is to show that the theory of tame fields of equal characteristic admits quantifier elimination relative to the RVs in an enriched language. For this, we will use the substructure completeness test, which says that a theory eliminates quantifiers if and only if every two models of the theory are equivalent over every common substructure. Corollary 3.7 gives a hint. If we can enrich our language by adding definable predicates that guarantee that every substructure of a tame field admits a henselization which is a tame field, we will be done. This is what we are going to achieve in this section.
Recall that for valued fields of residue characteristic zero, "henselian", "henselian defectless" and "algebraically maximal" are all equivalent, and also henselian valued fields of residue characteristic zero are tame. In positive residue characteristic, "henselian defectless" implies "algebraically maximal", but the converse is not true; "algebraically maximal" implies "henselian", but does not imply "defectless" in general. However, it holds for perfect fields of positive characteristic [6, Part (a) of Corollary 3.12]. We will now give a different characterization of algebraically maximal fields in terms of a notion called "extremality", which in turn is easier to express by a predicate.
Definition 4.1. If f is a polynomial over K in n variables, then (K, v) is said to be extremal with respect to f if the set {v (f (a 1 , . . . , a n )) | a 1 , . . . , a n ∈ O K } ⊆ vK ∪ {∞} has a maximum. A valued field (K, v) is called extremal if for all n ∈ N, it is extremal with respect to every polynomial f in n variables with coefficients in K. 
We now give a characterization of tame fields in positive characteristic. the tame field (K, v) is henselian. So we can apply part (1) of [5, Lemma 2.21 ] to deduce that (K(η)|K, v) is immediate. Since K is algebraically maximal, it follows that K(η) = K, which is a contradiction.
In view of (2), we obtain that
p −x = 0 in the residue field Kv. We observe thatf (x) = 0 has a simple root in Kv, for instancex = 1. Thus, by Hensel's Lemma there is a root β ∈ K of f (x) = 0, i.e., β
[⇐=] Conversely, suppose for every c ∈ K with vc < 0, there is We are now ready to define our language. For equal characteristic zero, it is enough to have the language L vf of valued fields. Proof. Let L and F be two tame fields of equal characteristic zero with a common valued subfield K, also of equal characteristic zero. Since L and F are tame, they are also henselian. Therefore, they contain henselizations of K. By the uniqueness property of henselizations, these are isomorphic over K and we may identify them. Now, the henselization of K is a henselian field of equal characteristic zero, and hence, tame. Thus, by Corollary 3.7, L ≡
For equal characteristic p > 0, we expand our language by adding predicates A, E n and H n for n ∈ N, defined as follows:
We define our new language L pvf := L vf ∪ {A} ∪ {E n | n ∈ N} ∪ {H n | n ∈ N} for valued fields in equal characteristic p > 0. We now prove our relative quantifier elimination result in equal characteristic p. Proof. Let L and F be two tame fields of equal characteristic p > 0 with a common substructure K in the language L pvf . Clearly K is a common valued subfield of L and F also of equal characteristic p.
Observe that K is henselian: Let f (x) = x n + n i=1 a i x n−i be a polynomial over O K , and let b ∈ O K be such that vf (b) > 0 = vf (b). Since a 1 , . . . , a n , b also belong to L, and L is henselian, there is c ∈ L such that v(b − c) > 0 and f (c) = 0. Thus, L |= H n (a 0 , . . . , a n , b). Since K is a substructure of L in the language L pvf , we have K |= H n (a 0 , . . . , a n , b), i.e., there is d ∈ K such that v(b − d) > 0 and f (d) = 0. In particular, K is henselian. Now, observe that K is algebraically maximal: because of Theorem 4.2, it is enough to show that K is extremal with respect to every one-variable polynomial over K of the form f (x) = b 0 + n i=1 b i x p i−1 . Since b 0 , . . . , b n also belong to L and L is algebraically maximal, there is a maximum element in L of the set {vf (a) | a ∈ L}. Thus, L |= E n (b 0 , . . . , b n ). Since K is a substructure of L in the language L pvf , we have K |= E n (b 0 , . . . , b n ), i.e., the set {vf (a) | a ∈ K} has a maximum in K. In particular, K is algebraically maximal.
Finally, observe that K is tame: because of Theorem 4. 
